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Maps and Half-transitive Graphs of Valency 4
DRAGAN MARUSIC† AND ROMAN NEDELA‡
A subgroup G of automorphisms of a graph X is said to be 12 -transitive if it is vertex- and edge- but
not arc-transitive. The graph X is said to be 12 -transitive if Aut X is
1
2 -transitive. The correspondence
between regular maps and 12 -transitive group actions on graphs of valency 4 is studied via the well
known concept of medial graphs. Among others it is proved that under certain general conditions
imposed on a map, its medial graph must be a 12 -transitive graph of valency 4 and, vice versa, under
certain conditions imposed on the vertex stabilizer, a 12 -transitive graph of valency 4 gives rise to
an irreflexible regular map. This way infinite families of 12 -transitive graphs are constructed from
known examples of regular maps. Conversely, known constructions of 12 -transitive graphs of valency 4
give rise to new examples of irreflexible regular maps. In the end, the concept of a symmetric genus
of a 12 -transitive graph of valency 4 is introduced. In particular,
1
2 -transitive graphs of valency 4 and
small symmetric genuses are discussed.
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1. INTRODUCTORY REMARKS
Throughout this paper graphs are simple and, unless otherwise specified, undirected. Fur-
thermore, all graphs and groups are assumed to be finite. For group-theoretic terms not defined
here we refer the reader to [3, 17].
Let X be a graph and Aut X be its automorphism group. A subgroup G  Aut X is said to be
vertex-transitive, edge-transitive and arc-transitive provided it acts transitively on the sets of
vertices, edges and arcs of X , respectively. In particular, the subgroup G is called one-regular
if it acts regularly on the set of arcs of X . Moreover, G is said to be 12 -transitive if it is vertex-
and edge- but not arc-transitive. The graph X is said to be vertex-transitive, edge-transitive,
arc-transitive and one-regular if Aut X is vertex-transitive, edge-transitive, arc-transitive and
one-regular, respectively. We shall say that the graph X is .G; 12 /-transitive if the group
G  Aut X is 12 -transitive. The graph X is 12 -transitive if it is .Aut X; 12 /-transitive.
There will be instances in our discussion where information on the vertex stabilizer of
a subgroup G  Aut X acting transitively on the vertex set V .X/ of X is relevant. Let
v 2 V .X/ and let H D Gv be the vertex stabilizer of v. We shall say that the group G is
.1; H/-transitive, .1; H/-regular and . 12 ; H/-transitive if it acts, respectively, arc-transitively,
one-regularly and 12 -transitively on X . Extending this notion to the graph X itself, we shall say
that X is .G; 1; H/-transitive, .G; 1; H/-regular and .G; 12 ; H/-transitive provided H D Gv
for some v 2 V .X/ and if the group G acts, respectively, arc-transitively, one-regularly and
1
2 -transitively on X . In particular, when G D Aut X we say that X is, respectively, .1; H/-
transitive, .1; H/-regular and . 12 ; H/-transitive.
The first result linking vertex- and edge-transitivity to arc-transitivity is due to Tutte [16]
who proved that a vertex-transitive and edge-transitive graph of odd valency is necessarily
arc-transitive. Regarding even valency, Bouwer [4] constructed a 2k-valent 12 -transitive graph
for every k  2. Since then a number of papers dealing with the concept of 12 -transitivity have
been published (see [1, 9, 14, 18] among others).
In this paper we establish a relationship between two different concepts of regular maps and
graphs of valency 4 admitting 12 -transitive group actions. Note that there are two essentialy
different types of such group actions. Namely, given a graph X admitting a 12 -transitive action
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of a subgroup G of Aut X , the restriction G N .v/v of the stabilizer Gv of a vertex v 2 V .X/ to
the neighbor set N .v/ D fu; w; x; yg is either a Z2 or a Z2  Z2. In other words, X is either
.G; 12 ; Z2/-transitive or .G;
1
2 ; H/-transitive, where H D Gv contains a copy of Z22. Let fx; yg
and fu; wg be the two orbits of Gv on N .v/. In the first case, G N .v/v D h.xy/.uw/i and it is
easy to see that the restriction homomorphism is a monomorphism and so jGvj D 2. In the
second case, G N .v/v D h.xy/; .uw/i and, in general, it is not known whether the order jGvj
may be bounded. Let us also remark that X gives rise to two oriented graphs, with X as their
underlying graph. Namely, the two orbital graphs of the action of G on V .X/ relative to two
paired orbitals of length 2.
By a map we mean a cellular decomposition of an orientable closed surface. A common
way of constructing maps is by imbedding a graph into a surface. It is well known that a
map M given by an imbedding of a graph X into a surface can be completely described by
means of its rotation system, that is by listing, for every vertex v of M , the cyclic permutation
of the incident outgoing arcs of v induced by the rotation of the ambient surface. We can
therefore identify M with the pair .XI R/, where R is the above rotation system for M . Note
that every automorphism of M preserves its rotation system. The map M is called regular
if its automorphism group Aut M acts transitively (and therefore regularly) on the set of arcs
of X . Regular maps are extensively studied in various branches of mathematics, including
combinatorics, Riemann surfaces and group theory [5, 7, 10].
The correspondence between .G; 12 ; Z2/-transitive graphs of valency 4 and regular maps
is given via the medial graph construction. Given a map M D .XI R/ on a surface S, not
necessarily regular, we can construct a 4-valent graph imbedded into S as follows. First
subdivide each edge of M with one new vertex. If e and f are two consecutive edges in a
boundary walk of a face F of M , then join the two corresponding new vertices by a new edge
in F . Finally remove from S all the original vertices together with incident (old) edges. We
obtain a 4-valent graph imbedded into the surface S which will be denoted by Med.M/ and
called the medial graph of M (see also [15]). The associated map will be called the medial
map of M . Note that the medial map describes the original map up to duality.
The notion of medial graphs arises in the study of polyhedra, that is the 3-connected spherical
maps. There the medial imbedding is uniquely determined by the medial graph and so it is not
necessary to distinguish between the medial graph and the medial map. In the case of general
surfaces, however, a graph can be the medial graph for two different maps which are not dual.
Also, vertices of valency 2 and faces of size 2 of M give rise to multiple adjacencies in the
medial graph, while vertices of valency 1 and faces of size 1 give rise to loops in Med.M/.
We are now ready to formulate the main results of the paper.
In Section 2 the relationship between regular maps and 12 -transitive group actions on graphs
of valency 4 is established. Let M be a regular map and G D Aut M be the automorphism
group of M . In Proposition 2.1 it is proved the medial graph Y D Med.M/ of M is a 4-valent
.G; 12 ; Z2/-transitive graph. On the other hand, starting from a 4-valent .G;
1
2 ; Z2/-transitive
graph Y , where G  Aut Y , Proposition 2.2 ensures the existence of a regular map M with
Aut M D G and Med.M/ D Y . The map M is determined up to duality and reflection.
Letting k D val.M/ be the valency of the regular map M D .X; R/, the group G D Aut M
acts regularly on arcs of X with the respective vertex stabilizer being Zk , and vice versa, a
.G; 1; Zk/-regular graph X determines (not uniquely in general) a regular map M D .X; R/
with Aut M D G. (See [8] for the proof.) A natural consequence of these results and the results
proved in Section 3 is the correspondence between .1; Zk/-regular group actions on graphs of
valency k and . 12 ; Z2/-transitive group actions on graphs of valency 4. (See Theorem 3.1.) In
particular, this includes the 1-1 correspondence between one-regular cubic graphs and . 12 ; Z2/-
transitive graphs of valency 4 and girth 3 via the line graph construction (see [12]). From this
point of view the medial graph construction applied to regular maps is a generalization of the
line graph construction applied to one regular cubic graphs. Moreover, Theorem 3.2 gives a
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sufficient girth condition a .1; Zk/-regular graph has to satisfy in order for the corresponding
graph of valency 4 to be . 12 ; Z2/-transitive.
In Section 4 we inspect how the existence of some additional self-homeomorphisms of the
surface associated with the map M D .XI R/ reflects in the medial graph Y D Med.M/ and
its automorphism group (Theorem 4.1). It is proved that under certain general conditions
imposed on M , every automorphism of both Y and X extends to a self-homeomorphism of the
supporting surface of M (Theorem 4.2). This situation is well known in planar graphs, where
every graph automorphism of a 3-connected planar graph extends to a self-homeomorphism
of the supporting surface. We end this section with Corollaries 4.3 and 4.4 which allow us
to construct infinite families of regular irreflexible maps from known 12 -transitive graphs of
valency 4, and vice versa, infinite families of 12 -transitive graphs of valency 4 from known
examples of irreflexible regular maps.
Finally, in Section 5 we introduce the concept of a symmetric genus of a graph of valency 4
admitting a . 12 ; Z2/-transitive group action. In particular, all
1
2 -transitive graphs of valency 4
with symmetric genus at most 2 are classified.
2. REGULAR MAPS AND GRAPHS OF VALENCY 4 ADMITTING 12 -TRANSITIVE GROUP
ACTIONS
It is sometimes convenient to use the following alternative description of a map M D .XI R/.
We set M D .DI R; L/, where D D D.X/ denotes the set of arcs of X and L is the arc-
reversing involution interchanging oppositely directed arcs arising from the same edge. The
vertices and edges of the underlying graph correspond to orbits of R and L , respectively.
An edge is incident with a vertex iff the corresponding orbits intersect. Finally, the faces
of M correspond to the orbits of RL . A map automorphism of a map M D .DI R; L/ is a
permutation ’ of D such that ’R D R’ and ’L D L’. (We refer the reader to [10] for more
detailed information.) We let fs.M/ denote the face-size of a regular map M .
The following result is easy to prove but fundamental in its consequences.
PROPOSITION 2.1. Let M be a regular map. Then Aut M acts 12 -transitively on the medial
graph Med.M/ and the vertex stabilizer is isomorphic to Z2.
PROOF. The case val.M/ D 2 or fs.M/ D 2 is the only case when the medial graph
construction applied on a regular map produces a 4-valent graph with multiple edges, more
precisely a cycle with double edges. The orientation of edges induced by the action of Aut M
gives a transitive orientation to all the dipoles. This action thus coincides with the action of the
automorphism group of the oriented graph, which obviously satisfies the required conditions.
Hence we may assume that val.M/  3 and fs.M/  3. Now since the arcs of the medial
graph correspond to directed angles of M , every automorphism  of M can be viewed as an
automorphism of Med.M/ via the natural action on the set of directed angles. Since Aut M
acts transitively on the edges of X and on undirected angles of M , it follows that Aut M
acts transitively on vertices and edges of Med.M/. It remains to show that the action is not
transitive on arcs of Med.M/.
Assume that there is  2 Aut M inverting an edge e of Med.M/. Then there are consecutive
arcs x; y in a boundary walk of some face F of M such that L.x/ D y and .y/ D L.x/,
where L is the arc-reversing involution. We must have either y D RL.x/ or y D R−1L.x/.
Then L.x/ D .y/ D RL.x/ D RL.x/ D R.y/ D R2L.x/ or L.x/ D .y/ D R−1L.x/ D
R−1L.x/ D R−1.y/ D R−2L.x/. But both possibilities lead to a contradiction as val X  3.
Thus Aut M acts 12 -transitively on Med.M/. The vertex stabilizer of the action of Aut M on
Med.M/ is equal to the stabilizer of the corresponding edge of X in the action of Aut M on X .
Since the map M is regular, this stabilizer is isomorphic to Z2. 2
The converse of this result is proved in Proposition 2.2:
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PROPOSITION 2.2. Let Y be a .G; 12 ; Z2/-transitive graph of valency 4 for some subgroup of
automorphisms G  Aut Y . Then there is a regular map M with map automorphism group G
such that Y is the medial graph of M .
PROOF. We define the map M by specifying its rotation R and arc-reversing involution L .
Fix an arbitrary arc x0 of Y and let DC be the subset of D.Y / containing all those arcs of Y for
which there exists  2 G such that x D .x0/. The 12 -transitivity of G implies that for every
edge of Y exactly one of the two underlying arcs is included in DC. It follows that the action
of G on DC is regular. Consequently the automorphism  2 G mapping x0 onto x 2 DC is
uniquely determined. Let v be the terminus of x0 and let  be the nontrivial involution in Gv .
Then v is also the terminus of the arc .x0/ and the origin of some arc y and its image .y/.
Let  2 G be the automorphism sending x0 to y. Then set
R.x/ D R.x0/ D .x0/ and L.x/ D L.x0/ D .x0/ .x 2 DC/: (1)
We claim that M D .DC; R; L/ is a regular map with map automorphism group G. Since
the action of G on DC is regular, R and L are well-defined fixed-point free permutations
acting on DC with L involutory. Moreover hR; Li acts transitively on DC. To prove this
it is sufficient to observe that h;  i D G. Consider the orbit of the action of h;  i on DC
containing x0. This orbit defines a vertex-transitive subgraph Y 0 of Y . But observe that x0,
.x0/, .x0/ and .x0/ cover all the edges incident with v. Thus Y 0 is 4-valent and so
Y 0 D Y . Hence hR; Li acts transitively on DC and the map M is well defined.
Now we show that G D Aut M . Indeed if  2 G, then by (1) we have R.x/ D R.x0/ D
.x0/ D R.x0/ D R.x/ for each x 2 DC. Similarly, L.x/ D L.x/; x 2 DC.
It remains to prove that Y is the medial graph of M . The action of G on Y determines an
imbedding i : Y ,! S onto some surface S in the following way. The orbits of the action of
the conjugates of  form a set of directed cycles B with the property that every arc of DC
lies in exactly one cycle of B. Similarly, the conjugates of  determine a set of directed
cycles W with the same property. More precisely, we set B D ffhi.x0/g;  2 Gg and
W D ffhi.x0/g;  2 Gg. The imbedding i is obtained by gluing a 2-cell to every cycle of
B [W . Comparing the definition of i with (1), we see that i.Y / is the medial map for M . 2
Observe that the medial graphs and the automorphism groups of the maps M D .DI R; L/,
M−1 D .DI R−1; L/, M D .DI R−1L ; L/ and .M/−1 D .DI RL ; L/ coincide. Thus the
regular map M constructed in the proof of Proposition 2.2 is not uniquely determined. On
the other hand, one can prove that if N is a regular map such that Med.N / D Med.M/ and
Aut N D Aut M , then N is one of the four maps associated with M , listed above.
Let M D .XI R/ be a map. The faces of the medial map split into two families: faces
containing vertices of the original map M (vertex-faces) and those corresponding to faces
of M (face-faces). Since every edge of the medial graph Y D Med.M/ lies in exactly one
vertex-face and exactly one face-face, we can orient the edges of Y consistently with the
action of permutations R (and R−1L) on Y . Let us denote by A D A.R/ the set of directed
edges of Y . If M is regular then A coincides with one of the two orbits DC D DC.Y / and
D− D D−.Y / of the action of Aut M on the set of arcs of Y . Hereafter, let us assume that
DC D DC.Y / is chosen in such a way that A D DC. Note that definition (1) is compatible
with this convention.
3. ONE-REGULAR GRAPHS WITH CYCLIC STABILIZERS AND 12 -TRANSITIVE GRAPHS OF
VALENCY 4
In this section we explain the relationship of one-regular graphs and 12 -transitive graphs of
valency 4. In this respect the results from Section 2 together with the classification of graphs
that underlie regular maps given in [8] are used.
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THEOREM 3.1. Let G be a group. Then G acts .1; Zk/-regularly on a k-valent graph X iff
G acts . 12 ; Z2/-transitively on a graph Y of valency 4.
PROOF. Assume first that X is a k-valent graph and G a subgroup of Aut X acting .1; Zk/-
regularly on X . Then by [8, Theorem 1] we conclude that there is a regular map M D .XI R/
with Aut M D G. Letting Y D Med.M/, the statement follows from Proposition 2.1. Assume
now that Y is a .G; 12 ; Z2/-transitive graph of valency 4. By Proposition 2.2 it follows that
Y D Med.M/ for some regular map M D .X; R/ and Aut M D G. It follows by [8, Theorem 1]
that X is .G; 1; Zk/-regular, where k is the valency of X . 2
THEOREM 3.2. Let G be a group. If there is a k-valent .1; Zk/-regular graph X of girth
greater than k  3 with Aut X D G then there is a . 12 ; Z2/-transitive graph Y of valency 4 and
girth k, where every edge of Y lies in a unique k-cycle and Aut Y D G.
PROOF. Assume X is a .1; Zk/-regular graph of girth greater than k and G D Aut X . As
above we let Y be the medial graph of a regular map M determined by the action of G on X .
It follows by Theorem 3.1 that G acts . 12 ; Z2/-transitively on Y . We shall prove that there
are no other automorphisms in Aut Y . The collection of edges incident with a fixed vertex v
of X induce a unique k-cycle Cv in Y . We claim that the family fCvgv2V .X/ represents the
complete set of k-cycles of Y and no cycles of Y are of length less than k.
Consider an arbitrary cycle C of length not greater than k in Y D Med.M/. Let W  X be
the subgraph of X induced by the edges of X that correspond to vertices of C . Since the girth
of X is greater than k, it follows that W is a tree with at most k edges. Assume that there is
a path of length 3 in W and let e be the central edge. Then the graph W − e is disconnected
and both components contain edges. Thus e is a cut-vertex in C , a contradiction. We conclude
that W is a star with k edges and a central vertex v 2 V .X/ and consequently C D Cv .
Clearly, every edge of Y lies in a unique cycle of fCvgv2V .X/. Moreover, it follows that
every automorphism of Med.M/ permutes cycles of fCvgv2V .X/. Now two cycles Cu and Cw
having a vertex in common are mapped onto a pair of cycles in fCvg with the same property.
By the definition of Med.M/, two cycles Cu and Cw intersects in a vertex e if and only if
e D uw is an edge in X . The assumption implies that X is simple. The above facts indicate
that every automorphism of Med.M/ comes from an automorphism of X , and the proof is
complete. 2
In general we are unable to prove the converse of Theorem 3.2. However, note that for
k D 3 the converse of the above theorem is true as in this case the medial graph Y coincides
with the line graph X (see [12]).
4. EXTERNAL SYMMETRIES OF REGULAR MAPS AND THEIR REFLECTION IN THE
MEDIAL GRAPHS
As mentioned, every map M D .XI R/ can be described by an algebraic map M D .DI R; L/,
where D is the set of arcs, R is the rotation and L is the arc-reversing involution. We say
that M is reflexible if there is a permutation  of D satisfying R D R−1 and L D L .
This permutation  may be viewed as an automorphism of X and will be called a reflection.
A reflection that fixes an arc of X is uniquely determined. Thus Aut M is an index 2 subgroup
of the group consisting of all automorphisms and reflections of M . We say that the map M D
.DI R; L/ is positively self-dual and negatively self-dual, respectively, if M D .DI R−1L ; L/
and M D .DI RL ; L/. The corresponding map isomorphisms will be called a positive self-
duality and a negative self-duality, respectively. The geometric difference between the two
self-dualities consists in the fact that a positive self-duality preserves the global orientation
of the surface, whereas a negative self-duality reverses it. If M is both positively self-dual
and negatively self-dual, then we say that M is self-dual. It is an easy observation that M is
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self-dual iff it is reflexible and positively self-dual (or negatively self-dual). Now we turn our
attention to the medial map of M . Recall that the faces of the medial map split into families
of vertex-faces and face-faces. For the sake of convenience we shall think of vertex-faces as
colored black and face-faces as colored white. Vertex-faces and face-faces are bounded by two
sets of cycles, called B 0 and W 0, respectively.
Let Y be a graph of valency 4 which is .G; 12 ; Z2/-transitive with respect to some subgroup
G  Aut Y . Let DC be one of the orbits of the action of G on the set of arcs of Y . The
action of G on Y defines two families of cycles B and W (see the last paragraph of the proof
of Proposition 2.2). Note that the set fB;W g coincides with the set fB0;W 0g if M is a regular
map such that Y D Med.M/ and G D Aut M . We say that an automorphism of Y is color-
preserving if it preserves B and W and, analogously, an automorphism of Y is color-reversing
if it interchanges B and W . An automorphism  of Y is said to be orientation-preserving
if it preserves DC, and is said to be orientation-reversing if it interchanges DC with its
complement. Note that the elements of G are orientation- and color-preserving. We are now
ready to prove the following theorem.
THEOREM 4.1. Let M be a map, G D Aut M and Y D Med.M/ be the medial graph of M .
Then the following equivalences hold.
(1) M is regular iff Y is .G; 12 ; Z2/-transitive;
(2) M is regular and reflexible iff Y is .G; 12 ; Z2/-transitive and .G2; 1; Z22/-regular for some
G  G2  Aut Y ;
(3) M is regular and positively self-dual iff Y is .G; 12 ; Z2/-transitive and .G3; 1; Z4/-regularfor some G  G3  Aut Y ;
(4) M is regular and negatively self-dual iff Y is .G; 12 ; Z2/-transitive and .G4; 12 ; Z22/-
transitive for some G  G4  Aut Y ;
(5) M is regular and self-dual iff Y is .G; 12 ; Z2/-transitive and .G5; 1; D8/-transitive for
some G  G5  Aut Y , where D8 denotes the dihedral group of order 8.
PROOF. First of all, the equivalence (1) follows from Propositions 2.1 and 2.2. Here we
prove equivalence (4), the remaining equivalences may be proved in a similar way and we
omit them.
Let us start with the proof of the first part of (4). Assume that M is regular and negatively
self-dual. Part (1) of the theorem implies that Y is .G; 12 ; Z2/-transitive. This action defines
the black–white bipartition fB;W g of the family of all cycles bounding faces of the medial
map of M . Since G acts transitively on the vertices of Y we may assume that there exists a
negative self-duality  fixing some vertex v of Y . The negative self-duality  of M D .XI R/ D
.DI R; L/ can be viewed as a self-homeomorphism of the supporting surface interchanging
the vertices of M and its dual M. Thus  is a color-reversing automorphism of Y . Since
 R D .RL/ and the natural orientation of edges of Y is consistent with both R and RL , we
have that  is also orientation-preserving, that is, G4 D hG;  i acts 12 -transitively on Y . Now 
is an orientation-preserving but color-reversing automorphism of Y fixing the vertex v. This is
only possible if  fixes the two arcs of DC D DC.Y / with the head in v, or if it fixes the two
arcs of DC with the tail in v. Moreover,  2 commutes with both R and L . Thus  2 2 G and it
fixes an arc of DC. Since the action of G on DC is regular, we have  2 D 1. Now let  2 Gv
be the involution generating Gv . Then ./2 2 G and it fixes an arc of DC. Consequently,
./2 D 1. Hence h;  i D .G4/v D Z2  Z2 and Y is .G4; 12 ; Z2  Z2/-transitive.
To prove the converse, observe that the action of G implies that M D .XI R/ D .DI R; L/,
with R, L defined by (1) and D D DC.Y /, is a regular map. Let v be a fixed vertex of Y and
let  be an element of .G4/v not belonging to G. By x0 denote one of the two arcs in DC
with the head in v. Consequently, the other three arcs in DC incident with v are L.x0/, R.x0/
and RL.x0/ (See Figure 1). Let  be the nonidentity involution in Gv . Then either  or 
fixes x0 so that we may assume that x0 is fixed by  . Therefore, L.x0/ is fixed by  also
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FIGURE 1. The arcs at .
and, moreover,  R.x0/ D RL.x0/,  RL.x0/ D R.x0/. Now let x be an arbitrary arc of DC
and ’ 2 G be the automorphism taking x0 onto x . Since [G4 : G] D 2, we have that G is
normal in G4. It follows that  R.x/ D  R’.x0/ D ’R.x0/ D   R.x0/ D  RL.x0/ D
RL .x0/ D RL.’−1/.x0/ D RL’.x0/ D RL.x/, where  is an element of G such that
’ D   . Thus  is a negative self-duality and so M is negatively self-dual. 2
Let us denote by K the subgroup of Aut Y of all those automorphisms which may be
extended to self-homeomorphisms of the supporting surface S. We claim that if the map M
is regular, the group K coincides with one of the groups G, G2, G3, G4 or G5 in the
statement of Theorem 4.1. Indeed, since the medial map of M is vertex- and edge-transitive
it is sufficient to discuss all possible vertex stabilizers of the action of K on Y . Let v be a
fixed vertex of Y . Since elements of Kv are self-homeomorphisms of S and Y is a 4-valent
graph, it follows that Kv is completely determined by its action on arcs incident with v and,
moreover, Gv  Kv  D8. There are then exactly five possibilities for the stabilizer Kv , each
corresponding to one of the five cases listed in Theorem 4.1.
It follows from Theorem 4.1, case 3, that the medial map of M is regular iff M is regular and
positively self-dual (see also [2]). This gives rise to a method producing positively self-dual
regular maps from 4-valent bipartite regular maps. This method is used in the construction of
infinite families of regular positively self-dual maps in [2].
Let M be a map in a surface distinct from the sphere. The edge-width ew.M/ of M is
the length of the shortest noncontractible cycle of M . The correspondence between regular
maps and 12 -transitive actions of groups on 4-valent graphs allows us to construct 4-valent
graphs with a 12 -transitive subgroup of automorphisms group. In order to get a
1
2 -transitive
graph of valency 4 from a regular map, it is sufficient to guarantee that there are no additional
automorphisms of the graph that might destroy the 12 -transitivity. The following theorem shows
that if the edge-width of the map in question is sufficiently large every graph automorphism of
the medial graph Y extends to a self-homeomorphism of the supporting surface. Consequently,
one of the five possibilities for Aut Y listed in the previous theorem occurs.
THEOREM 4.2. Let M D .XI R/ be a regular map on a surface S 6D S0. Let ew.M/ >
fs.M/  val.M/ and let Y be the medial graph for M . Then every automorphism of X and
every automorphism of Y extends to a self-homeomorphism of the surface S and, moreover,
either Aut X D Aut Y or [Aut Y : Aut X ] D 2. The latter occurs iff the map M is either
positively or negatively self-dual. Furthermore, Aut Y is one of the permutation groups G, G2,
G3, G4, G5 from Theorem 4.1.
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PROOF. Let ’ 2 Aut Y be an automorphism of Y . The edge-width condition together with
the regularity of M implies that the length of every cycle in Y is greater than a face- or vertex-
cycle of Y . Since every edge of Y lies in exactly one face-cycle and exactly one vertex-cycle,
respectively, an automorphism ’ of Y is uniquely determined by the image of a specific arc
x0 2 DC.Y / and by the image of the vertex-face f incident with x0. The four possibilities
which may happen (’ preserves or reverses the arcs of DC, ’ preserves or interchanges face-
faces with vertex-faces) force ’ to be one of the following mappings: a map automorphism
of M , a reflection of M , a positive self-duality of M or a negative self-duality of M .
Combining Theorem 4.1 with the discussion immediately after it, we deduce that Aut Y
coincides with one of the five groups listed in the statement of the theorem. It remains to be
shown that every automorphism of X is an automorphism of Y . Indeed, this holds true for
map automorphisms of M and for the reflections of M . Again, the edge-width condition forces
the face-cycles to be the girth cycles of X and there are no other girth cycles in X . This is
implied by the fact that in a regular map M the length of every contractible cycle is greater
than the face size of M (see [13, Theorem 4.1]). Thus every automorphism of X is either
a map automorphism, or a reflection. Note that if there is neither a positive nor a negative
self-duality of M , then Aut X D Aut Y , otherwise Aut X is an index 2 subgroup of Aut Y . 2
We say that a map is chiral if it is regular and irreflexible. The following two corollaries
are immediate consequences of Theorem 4.2.
COROLLARY 4.3. Let Y be a 4-valent 12 -transitive graph. If its vertex stabilizer is Z2, then Y
is a medial graph of a chiral map which is neither positively nor negatively self-dual. On the
other hand, if the vertex stabilizer is Z2 Z2 and there is a subgroup of Aut Y of index 2 acting
1
2 -transitively on Y , then Y is the medial graph of a chiral, negatively self-dual map.
This corollary enables us to construct families of irreflexible regular maps from known
examples of 12 -transitive graphs of valency 4. For instance, for each odd n  11 there exists
a 12 -transitive graph of valency 4 with automorphism group An  Z2 (see [11]). These graphs
give rise to irreflexible regular maps with automorphism groups Sn having order, valency and
face size, respectively, n!=2, n and 2n.
COROLLARY 4.4. Let M be a chiral, but not positively self-dual map satisfying ew.M/ >
fs.M/  val.M/. Then the medial graph Y is 12 -transitive with vertex stabilizer Z2 Z2 or Z2
depending on whether M is or is not negatively self-dual.
As we shall see in the next section, Corollary 4.4 gives us the possibility of using known
constructions of regular maps to obtain new infinite families of 4-valent 12 -transitive graphs.
5. SYMMETRIC GENUS OF 12 -TRANSITIVE GRAPHS OF VALENCY 4
Let Y be a 12 -transitive graph of valency 4 with some .
1
2 ; Z2/-transitive subgroup of auto-
morphisms. The symmetric genus of Y is defined to be the smallest genus over all surfaces S
such that there is a regular map M on S satisfying Y D Med.M/. In view of Proposition 2.2,
the above concept is well defined. Note that no examples of 12 -transitive graphs of valency 4
which are not . 12 ; Z2/-transitive are known. Thus for all known 4-valent
1
2 -transitive graphs of
valency 4 the concept of symmetric genus applies. In what follows we shall discuss 4-valent
1
2 -transitive graphs of small symmetric genuses.
There are only five spherical regular maps, that is Platonic solids. It is well known that all of
them are reflexible and so Theorem 4.1, case 2, implies that the corresponding medial graphs
are arc-transitive. Thus there is no 12 -transitive graph of valency 4 with symmetric genus 0.
All toroidal regular maps are classified in [6, x8.3, 8.4, pp. 103–109]. There are two infinite
families of such maps. The first is formed by all regular maps of valency 4 and face size 4.
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The second family is formed by all the regular maps of valency 3 and face size 6 and their
duals. It is known that all maps of the first family are positively self-dual. Now, applying
Theorem 4.1, case 3, we have that the corresponding medial graphs are arc-transitive. As for
the second family, note that every cubic regular map is uniquely determined by two nonnegative
integers b and c. We let Mb;c denote the corresponding regular map. It is also known that
the map Mb;c is reflexible iff bc.b − c/ D 0 (see [6]). Using the definition of Mb;c in [6] we
see that ew.Mb;c/ > 6 D fs.Mb;c/ > 3 D val.Mb;c/ whenever b C c > 3. Thus Corollary 4.4
implies the following result.
PROPOSITION 5.1. A 12 -transitive graph of valency 4 is toroidal iff it is isomorphic to the
medial graph of the toroidal regular map Mb;c, where b; c satisfy bc.b− c/ 6D 0 and bC c > 3.
Since the number of edges of the map Mb;c is 3.b2 C bc C c2/, the smallest toroidal 12 -
transitive graph of valency 4 is the medial graph of the map M3;1 with 39 vertices (see
Figure 2.). Incidentally, this graph was first constructed in [1] as a member of an infinite
family of 12 -transitive graphs of valency 4 which includes an infinite subfamily of toroidal
graphs. Also, note that the medial graph of M2;4 has 84 vertices and is the smallest toroidal
1
2 -transitive graph not included in the above family [1]. By inspecting the definition of the
map Mb;c D .XI R/ (see [6]) one can easily realize that Mc;b D M−1 D .XI R−1/. Thus
when dealing with the medials of the maps Mb;c we may assume that b  c. In particular, the
medial graphs of the maps M1;3 and M3;1 coincide.
Regarding symmetric genus 2, checking the list of all ten regular maps of genus 2 (see [6,
Table 9]) we may see that all of them have at most 24 edges. But the smallest 12 -transitive
graph, that is the Holt’s graph, has 27 vertices (see [1, 9]) and so the medial graphs of the
above regular maps must be arc-transitive.
Let us end this discussion by mentioning that the symmetric genus of Holt’s graph is 7.
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